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Abstract. We characterize all simple unitarizable representations of the braid 
group B3 on complex vector spaces of dimension d < 5. In particular, we 
prove that if cri and a2 denote the two generating twists of , then a simple 
representation p : B-j, — > GL(V') (for dimV < 5) is unitarizable if and only 
if the eigenvalues Ai,A2,... , A^j of p(o-i) are distinct, satisfy |Ai| = 1 and 
/^i? ^ ^'^^ 2 < i < d, where the /i^^^ are functions of the eigenvalues, 
explicitly described in this paper. 



1. Introduction 

Unitary braid representations have been constructed in several ways using the 
representation theory of Kac-Moody algebras and quantum groups, see e.g. [0, |H, 
and Such representations easily lead to representations of PSL(2,Z) — B^/Z, 
where Z is the center of B^, and PSL(2,Z) = SL(2, Z)/{±1}, where {±1} is the 
center of SL(2,Z). We give a complete classification of simple unitary represen- 
tations of of dimension d < 5 in this paper. In particular, the unitarizability 
of a braid representation depends only on the the eigenvalues Ai, A2, ... , Ad of the 
images the two generating twists of B^. The condition for unitarizability is a set of 
linear inequalities in the logarithms of these eigenvalues. In other words, the rep- 
resentation is unitarizable if and only if the (arg Ai, arg A2, . . . ,argArf) is a point 
inside a polyhedron in (R/27r)'^, where we give the equations of the hyperplanes that 
bound this polyhedron. This classification shows that the approaches mentioned 
previously do not produce all possible unitary braid representations. We obtain 
representations that seem to be new for c? > 3. As any unitary representation of 
Bn restricts to a unitary representation of B^, in an obvious way, these results may 
also be useful in classifying such representation of Bn ■ 

I would like to thank my advisor, Hans Wenzl for the ideas he contributed to 
this paper and Nolan Wallach for his suggestions. 

Let i?3 be generated by cti and (T2 with the relation aia20i = a2cricr2- It is 
well-known that the center of -63 is generated by {cTia2)^ ■ Let K be any field. If 
p is a simple representation of B3 on a iiT-vector space V , then /o(o'i(T2)^ must act 
on y as a scalar S € K. Since CTi and tT2 are conjugates via cricr2cri, their images 
A = p{(Ji) and B = p(o"2) have the same eigenvalues Ai, A2, . . . , A^- We will need 
the following two results from . 

Theorem 1.1. 1. Let K be an algebraically closed field, V a d- dimensional K- 
vector space, and Ai,A2,... , A^; G K — {0}, where d < b. There exists a 
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simple representation p : B3 ^ GIj(V) such that the eigenvalues of A ~ pio'i) 
satisfy Qr? 7^ for all r ^ s where the polynomials Q^? are as follows: 

Q(3) = (A2 + A«Afc)(A2 + A,Afc) 

with k ^ r, s. 

Qii - -7"'(A2 + 7)(A2 + 7)(7 + A^Afe + A,A0(7 + A.A, + A.Afc) 



with 7 = VAi • ■ ■ A4 anii k,l ^ r, s. 

Qi'J = 7"'(7' + Kl + XDil' + Xsl + \l) n + A.Afc)(7' + A.Afc) 



with 7 = -v^Ai • • • A5. 
2. ^ simple representation of B3 of dimension d < 5 is uniquely determined up 
to isomorphism by the eigenvalues of A — p{ai) (for d < 3) and S, where 
p{aia2)^ = S Idv (for d ^ 4,5). 

Explicit matrices for A = p{ai) and B = p{<J2) are also listed in 
The functions Qif are defined in § by P^'^\B)Pi'^\A)P^'^\B) = Q^^}p^'^\b), 
where Pr'^\x) = Y\i-i,^{x — Xi). Note that substituting Ai = gSiriti taking 
logarithms reduces the problem of finding the zeroes of Qr? to solving a system of 



linear equations in the t^. (See Example 4.2.) 



Proposition 1.2. Let p : B3 —i- GL(y) be a simple representation of dimension 
d < 5. Then the minimal polynomials of A ~ p(o'i) and B = p{(J2) are the same as 
their characteristic polynomials. 

An immediate consequence of this is 

Corollary 1.3. If A (or B) is a diagonalizable matrix, then it has distinct eigen- 
values Ai, A2, . . . , Arf. 

Proof. Since A is conjugate to some diagonal matrix D, its minimal polynomial 
is just p{x) = ~ ^j) where the dj are the distinct diagonal entries of D. By 
the previous proposition, degp = d, hence D must have d distinct diagonal entries. 
Thus all of the diagonal entries of D are distinct. □ 

Since we are interested in unitarizable representations, we will let i^T = C and 
we will require that |Ai| = 1. Let p : B3 ~* V he a simple d-dimensional represen- 
tation {d < 5), and A — p(cri), B — p{(y2). Any unitarizable complex matrix is 
diagonalizable, so we can assume that A and B are diagonalizable. So the eigen- 
values Ai , A2 , . . . , Ad are distinct by the last corollary. Let S be the scalar via which 
p{<^i<^2)^ acts on V, that is (AB)'^ = 61. Denote the C-algebra generated by A and 
B by B. In other words, B = p(Ci33, where CB^ is the group algebra. Note that 
B = End(y) by simplicity. 

The proof proceeds by defining a vector space antihomomorphisni i : B ^ B and 
proving that it is an algebra antihomorphism and an involution of B in section |^. In 
section^, we define a sesquilinear form (. , .) on the ideal / = BeB,i that is invariant 
under multiplication by A and B. We prove that (. , .) is positive definite if /zj^'' > 
for 2 < i < d. In this case, p is a unitary representation of B3 on the d-dimensional 



LOW-DIMENSIONAL UNITARY REPRESENTATIONS OF B3 3 

vector space /. We also prove that if p is a unitarizable representation fi^'' > for 
2 < i < d. In section ^ we give some examples of using the positivity of /i^^-* . 

2. An INVOLUTION OF THE IMAGE OF B3 

Let eM,i be the eigenprojection of M to the eigenspace of A^, where M E {A, B}. 
That is 

Note that cas and eB,i always exist because the eigenvalues are distinct. Also 
eM.iSM.j = 5ijeM,f Define pL^^'' by eBaeA^j^BA = (J-^^sba- Note that 

Lemma 2.1. The ii^f' are real numbers. 

Proof. For i ^ j, the proof is by direct computation using = and 7 = 7"^. 
For example, for d — b: 

id) ^ (7^ + A,7 + Af )(7^ + A,-7 + Ap Uk^,,,b^ + kXk){l^ + X,Xk) 
7*^nfc^.(A.-A..)nM.(^.-Afe) 
(7Ari ^ ^ ^ 7-iA.)(7A-i + 1 + 7-^A,) Uk^^^.il^ + A.Afc)(7^ + A, A,.) 
(1 - A,Ari)(i _ A.ATi) 7'^nfe^.,,(A. - Afe)(A, - A^) 

The first of the two quotients is easily seen to be real. For the second quotient, 
/^^fc^.,,-(7^ + A.Afe)(7^ + A,-Afc)^^ _ Uk^,,,h-' + Ar^A-^)(7-^ + At^A'^) 



V ^'Uk^^A^^ - A.)(A, - A,) ; l''Uk^.AK' - Afe^)(A-i - X^') 

Multiply the numerator and the denominator by 7^^Af A^ Yik^i j A| to see that this 
is still 

nfc^.M(7^ + ^'Afc)(7^ + A,-A,) 

l'Uk^^A^^~^k){X,-Xk) 

For the case i = j, note that = I, so 

eB,i = eB,iJeB,i 
d 

d 

= eB,ie-A,k&B,i 
k=l 
d 

E(d) 
Nk ^B,i 

k=l 

Hence f^[k = 1' and = 1 - M-f is real. □ 
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Proposition 2.2. S = {eA,ieB,ieA,j \ ^ < i,j < d, i ^ j}[J {eA,i \ 1 <i < d} is a 
basis for the C-vector space B. 

Proof. Suppose 

d d d 

XI X^^ii^A.ies^ieAj + X^ ajjCA.i = 

Multiply by eA,i both on the left and on the right. The only term of the sum that 
survives is 

Let Vi be an eigenvector of A corresponding to Aj. Then eA,iVi = Vi ^ 0, so eA,i 7^ 0. 
Hence an = 0. 

For i j, multiplying by caj on the left and by caj on the right shows 

aijeA,ieB,ieA,j = 

But 

eB,ieA,ieB,ieA,jeB,i = ieB,ieA,ieB,i)ieB,ieA,jeB,i) = MyVlf es^i ^ 

so eA,ieB,ie-A,j 7^ 0. Hence =0. So 5 is linearly independent. It has d^ 
elements, hence it is a basis of the d^-dimensional space B. □ 

Note: if we know /x^^'' 7^ for all z, we can use the basis >S" = {eA,ieB,i^A,j \ 1 ^ 

i,j < d} instead of S. As eA,ieBAeAA = ^J■ii ^eA,i, S' is almost the same as S. Since 
S' is more symmetric than S, its use makes the following computations simpler and 
the arguments more transparent. In the most general case however, could be 
0. 

Define i : C — > C as the usual complex c;onjugation. Extend ^ to B — > B 

by requiring z to be an antilinear map with i{eA,i) = eA,i and i{eA,ieB,i&A,j) = 

e-A,jeB,i('-A,i for i ^ j. Note that i{p[f) = l^i^f ■ 

Lemma 2.3. i as defined above is an antihomomorphism on the algebra B and 
= Mb. 

Proof. It is sufficient to prove that t acts as an antihomomorphism on the elements 
of the basis S. S has two different types of elements, therefore we will have four 
different cases. Since each can verified directly by a simple computation, we will 
show the details for only one: 

1. 

i{eA,ieA,j) = «(eA,j)«(eA,i) 

2. 

«(eA,i(eA,jes,ieA,fe)) = i{eA,jeB,ieA,k)i{eA,i) 
i{{eA,ieB,ieA,j)eA,k) = i{eA,k)i{eA,jeB,ieA,k) 

3. For i ^ k, 

i{{eA,ieB,ieA,j){eA,keB,ieA,i)) = {eA,ieB,\eA,k){(^A,j(iB,\(iA,i) 
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4. 

i{{eA,ieB,ieA,j){eA,jeB,ieA,k)) = i{eA,i{eB,ieA,jeB,i)eA,k) 

= «(eA,i(Aty'eB,i)eA,fe) 

= ^J'[f^{eA,^eB,leA,k) 
(d) 

= )x^^ eA,keB,ieA,i 

Also 

^ieA,jeB,leA,k)^{eA,ieB,leA,j) = ieA,keBAeA,j)ieA,jeB,ieA,i) 

= eA,k{eB,ieA,jeB,i)eA,i 
(d) 

= Hij eA,keB,ieA,i 

That = Mb follows immediately from the definition. □ 
Lemma 2.4. i{eB,i) = €3,1- 

Proof. First note that i{eA,ieB,ieA,i) = i{l^ifeA,i) = IJ-ifeA,i = eA,ieB,ieA,i- Mul- 
tiply 63,1 by 1 = Y^i^i eA,i on both sides: 

es,i = ( '^eA,i j eB,i I ^^caj = ^ e^.^es^ie^j 
\i=i / \j=i I i,j 



into 



(d d \ d d 

i=i j=i J i=i j=i 

d d 

= ^ '^{eA,jeB,ieA,i) = es,! 
i=i j=i 



Corollary 2.5. i(^) = A'^ , and = I. 

Proof. 



□ 



i=l i=l i=l 

Similarly, 

d d d 

= iC^eA,i) =^t{eA,i) ='^eA,i = I 



i=l i=l 



□ 



Lemma 2.6. t{B) = B'^ . 
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Proof. Note that = t{A)i{B)i{A) = i{ABA) i{BAB) = i{B)A-^i{B). 

That is A~^ and t{B) satisfy the braid relation. So the group homomorphism 
p' : B3 ^ GL{V) defined by p'(cri) = A~^ and p'{(T2) = i{B) is another represen- 
tation of i?3 on Once again, the braid relation implies that A"^ and i{B) are 
conjugates. Hence they have the same eigenvalues, namely Aj^^, A2"^, . . . , A^^. 

But I : B ^ B only permutes the basis S oi B = End(l/). Hence i{B) — 
i(End(l/)) = End(F) and A'^ and i(-B) generate the algebra End(t/). That is p' 
is also a simple representation of i?3 

Now, = i{BAf = i[ABf = i{51) =6 = S'^I (recall \6\ = 1). 



By Corollary 1.1, the eigenvalues X^^ , , ■ ■ ■ , A^^ ^ (if d=2, 3) or the eigenvalues 



together with i5 (if c? = 4, 5) uniquely determine a simple representation of B^ on 
V up to isomorphism. 

But we already know such a representation, namely ci i— s- A~^ and (T2 *■ 
Hence there exists M e GL(T/) such that A^^ = MA^^M^'^ and i{B) = 
MB~^M~^. Then M is in the centralizer of A. 



' B-X, 



d 

n 



MBM-^ - X, 




Call the quantity in parentheses </>. Note that is the eigenprojection to the 
subspace spanned by the eigenvector wi of B^^ with eigenvalue X^^ . But the 
eigenvectors wi,W2, ■ ■ ■ ,Wd of B~^ are also eigenvectors of B and span V (the 
eigenvalues are distinct). Hence 4>{wi) — wi — eB,iWi and (/)(wi) = = eB,iWi for 
i > 2. That is = es^i as their action on the basis {101,^12, ■ ■ ■ jWd} is identical. 



Then Lemma 2.4 shows t{MeB.iM~^) — i{(t>) = i{eB,i) — sb.i- 

Hence conjugation by M is a i3-algebra isomorphism that fixes A and cb^i- But 
A and e^,! generate the basis S of i3, hence they generate the algebra B. So 
conjugation by M must fix every element of B. In particular, i{B) = MB~^M^^ = 



3. An invariant inner-product 

Let B act on the left algebra ideal Bcb.i- Note that BeB,i is a d-dimensional 
C- vector space, as eB,i is an idempotent of rank 1. 

Definition 3.1. Define the form (. , .) on BeB,i by {aeB,i, beB.i) eB,i = «(fees, 1)065^1 = 
e_B,iz(6)aes,i for aeB,i,beB,i e BeB,i- 
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It is easy to verify that (. , .) is a sesquilinear form on the C-vector space Bbb.i- 
Since i{A) = and t{B) = B^^, this form is clearly invariant under the action 
by A and B, hence p{B^). 

Lemma 3.2. T — {eA,ieB,i | 2 < z < d} U {ABAes.i} is a basis for left algebra 
ideal BeB,i considered as a C-vector space. 

Proof. Suppose 

d 

aiABAcB,! + ^ ctiCAAeB,! = 

Note that {eA,iABAeB,i){ABAy^ = caasa,! = Su. Since {ABAy^ is invert- 
ible eA,iABAeB,i = if and only if i > 2. 

Multiply by eA,i on the left. Then aiCA.iABAeB.i = But eA,iABAeB,i 7^ 0, 
so ai = 0. 

Now, multiply by eA,i {i > 2) on the left. Then aieAA^B,! = 0. We know 
6346^,^634 = ^J.[feB,l ^ by simplicity, so eA,ieB,i ^ and a.i = 0. 

Hence T is a linearly independent set, and we can conclude that it is a basis of 
the d-dimensional vector space ^634. □ 

Note: if we know 6^.1634 ^ 0, we can use the more symmetric basis T' = 
{^A,iCB,i I 1 < i < c?} to simplify this and some of the following computations. 
Unfortunately, 6^4634 could in general be 0. In particular, if /iJ'J-' — 0, then 
6^4654 = too. 

Theorem 3.3. The braid representation B is unitarizable if and only if /i^'^'' > 
for all 2 < i < d. 

Proof. Suppose ^J*^^ > for all 2 < i < d. Consider the action of B on BeB,i. 
The sesquilinear form defined above is invariant under the action of plB^). So it is 
sufficient to show that it is an inner product. That is we need to prove is that it is 
positive definite. On the basis T: 

(6A,i6B4, 64,^634) 634 = eB,iiieA,i)eA,ieB,i = eB,ieA,ieA,ieB,i 

(d) 

= 65464,^654 = 6B4 

{ABAeB,i,ABAeB,i) eB,i = (634,654)654=654654=654 

Hence (64.^654,64,^654) = fj!^^ > for i > 2 by assumption, and {ABAcb,!, ABAcb.i) 
1. We claim that T is orthogonal with respect to (., , ). Let i,j^l and i j: 

(64,465,1,64,^65,1)65,1 = 65,il(64^i)64j65,i = 65,i64,i64,j654 =0 
(AS A654, 64^,654) ^5,1 = 6541(64^^)^5^654 = 65464^^^-6 yl65a = 



We used eA,iABAeB,i = in the last computation just like in Lemma 3.2. 

Hence (., .) is a positive definite form. Then Bcb^i is a C-vector space with inner 
product (. , .) and the action of p{By,) on this space is unitary. 

Conversely, suppose B is unitarizable. So there exists V a. €- vector space with 
inner product (. , .) and p : B3 ^ GL{V) such that A = p{ai) and B = p{(J2) act 
as unitary operators on V. Let * be the transpose induced by (.,.). We know 
A* — A^^ and B* = B^^. Let w e be an eigenvector of B with eigenvalue Ai. 
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Then eB,iv = v and 

< {eA,ieB,iv,eA,ieB,iv) = (^^, e^^ie^ ^6^,165,11)) 

= {v, eB,ieA,ieB,iv) = (v, iJbf^eB,iv^ = A*i? {v, v) 

Hence |J!f^ > 0. We know /x^^' ^ for z > 2 by simplicity, so /x^^' > in this 



case. 



□ 



Example 4.1. d= 2 



That is 



(2) 
Mi2 



4. Examples 



— + A1A2 — A2 
(Ai-A2)(A2-Ai) 
A^ — A1A2 + A| 

(Al - A2)2 

1 , A1A2 



(Al - A2)2 



1 



(A1/A2 - 1)(A2/Ai - 1) 

2 

> 



> 1 



or A1/A2 = e'* for 7r/3 < t < 57r/3. 
Example 4.2. d = 3 



(3) 
M12 



(3) 
Ml3 



(A2+A2A3)(A2+AiA3) 



(Ai-A2)(Ai-A3)(A2-Ai)(A2-A3) 



Al Al / \ Al A2 



A2 _|_ A3_ 



(1-^) (l-ll) (1-^) (^-^) 

(Af + A2A3)(A^ + AiA2) 
(Ai-A2)(Ai-A3)(A3-Ai)(A3-A2) 



A2 A3 

Al Al 



(1-^) (1-^) (^-^) 

Let U2 = A2/A1 and = A3/A1. Then 

(1 + W3u;2) (w2 + 1^30;^^) 



(3) 
M12 



(3) 

Mis = 



|l-ti;2| (1 ~ W3) (^^2 - W3) 

(1 + W2W3) (W3 + UJ2(^3^) 
|1 - W3|^ (1 - W2) (^3 - '^2) 
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Let 6^''*= = UJ2 and e^''*^ = ws. So we are looking for (i2, is) e [0, 1)^ such that 
both /i^2^ > and jJ^^^ > 0. and ii^^ can change signs at 

= -1 
waw^^ = —UJ2 

U}2UJ^^ = -W3 
W2 = 1 
W3 = 1 
W2 = W3 

These equations can be transformed into linear equations in t2 and by taking 
logs: 

t2 + ts = \ 



h 


= 2t2 + 


t2 


= 2ts + 


t2 


= 


t3 


= 


t2 


= h 



Of course, the above equations are all understood mod 1. 

Computation by Maple shows that /i-^2 > and > in the open set colored 
black on the plot below. The grey regions are those where one of and is 
positive and the other is negative. The line t2 = ^3 corresponds to A2 = A3, in 
which case the representation cannot be unitarizable. 
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